Geometric Transitions

(Leitner)
Geometric transitions are continuous paths of geometries which abruptly change type in the limit (Cooper-Danciger-Wienhard [13] ). The most intuitive example is a sequence of spheres with increasing radius which limit to a plane. It remains to understand all of the transitions between the eight Thurston geometries. More generally, how can one tell when one geometry is a limit of another? One can find a path of transitions to show one geometry limits to another, but it is in general much more difficult to show that one geometry can NOT limit to another. What properties must be satisfied by a limiting geometry? 2.2. (Cooper) Does anyone know of a non-zero polynomial on the tensor product of vector spaces U ⊗V ⊗W that is invariant under the action of SL(U )×SL(V )×SL(W ) when dim(U ) = dim(V ) = 4 and dim(W ) = 8? This is related to limits under conjugacy of the diagonal subgroup in SL(8, R).
(Cooper)
Suppose β is a non-degenerate bilinear form on a finite dimensional real vector space V and G = Isom(β) ⊂ GL(V ). Which subgroups H ⊂ GL(V ) are the Hausdorff limits of sequences of conjugates of G? This is known for non-degenerate symmetric and skew-symmetric forms. 3.2. (Agol) Given a 3-manifold M whose fundamental group acts on a simplicial tree without global fixed points, consider the covering space associated to the subgroup fixing an edge of the tree. This covering space has a unique 2-dimensional homology class which separates the two ends corresponding to the two ends of the tree minus the edge. Is there a surface in this homology class with minimal Thurston norm that embeds in M ? 3.3. (Agol) Does every closed hyperbolic 3-manifold contain a closed π 1 -injective surface with only double curves of intersection? It seems like this ought to be true for all but finitely many hyperbolic 3-manifolds with volume < V for any V by extending results of [14, 18] .
Surfaces in 3-Manifolds
3.4. (Agol) Does every closed hyperbolic 3-manifold contain a closed π 1 -injective surface which satisfies the 1-line property? This means that in the universal cover, any pair of preimages of the surface intersect in a single line (and the intersection of stabilizers is Z). The surfaces constructed by Kahn and Markovic [16] will likely not have this property, since they tend to overlap on large subsurfaces.
3.5. (Agol) Do cusped finite-volume hyperbolic 3-manifolds have closed quasi-fuchsian surfaces which cubulate except for the cusps? Geometrically, for every pair of points in ∂ ∞ H 3 , some lift of the limit set of a quasi-fuchsian surface should separate this pair. This might be accessible using constructions of Masters-Zhang [21, 22] and Baker-Cooper [2] . One would obtain a cocompact action on a CAT(0) cube complex in which the only point stabilizers are parabolic subgroups [6] . A conjecture of Dunfield-Friedl-Jackson would say that N is an α-twisted homology product whenever M is hyperbolic and α is discrete faithful. As pointed out by Hass, the conjecture is true if and only if it is true for irreducible M . The conjecture is known for M a Seifert fibered space (Hass [15] ), a graph manifold (Rubinstein-Wang [26] ), or a Solv-manifold (recent work of Drew Zemke [29] ). It seems not to be known for any hyperbolic manifold, or for any 3-manifold with a nontrivial JSJ with a hyperbolic piece.
Problem: Prove it for some particular hyperbolic manifolds, or find a counterexample. 
(Agol)
Characterize hyperbolic 3-manifolds with infinitely generated fundamental group. In particular, is there a 3-manifold which is locally hyperbolic with no infinitely-divisible subgroup of the fundamental group (like Q) but not hyperbolic? By locally hyperbolic, we mean any cover with finitely generated fundamental group admits a complete hyperbolic metric, and in particular is tame.
Do there exist fibered hyperbolic 3-manifolds which are homology S 2 × S 1 , and have arbitrarily large injectivity radius? Are there hyperbolic homology spheres of arbitrarily large injectivity radius? See [5] , [11] . (cf. [7, 12] for the case of rational homology spheres) 
(Cooper)
Given R > 0 and an integer n ≥ 4 is there > 0 and a finite set of hyperbolic nsimplices with the following property. Consider those closed n-manifolds which can be constructed by gluing copies of these simplices together by isometries along codimension-1 faces, such the resulting hyperbolic cone n-manifold has cone angles around each codimension-2 simplex that are in the interval (2π − , 2π + ). Then every such closed n-manifold admits a hyperbolic metric, and every closed hyperbolic n-manifold with injectivity radius everywhere bigger than R is obtained in this way. A set P with these properties is called a Thurston's Lego set in n dimensions. These exist for n ≤ 3. Known results: When ∂G = S 1 the answer is yes, and this is due to Tukia, Gabai and CassonJungreis. When ∂G contains no Sierpinski carpet, the answer is again yes, and due to Haissinsky.
If ∂G does contain a Sierpinski carpet, this is a conjecture of Kapovich-Kleiner, generalizing the Cannon Conjecture, which is the case ∂G = S 2 . 6. Random Questions 6.1. (I. Kapovitch) Show that a random walk on the mapping class group gives rise to a pseudoAnosov element whose invariant foliations have generic trivalent singularities with probability that tends to 1 as the length of the walk tends to infinity.
(Maher)
Start with n tetrahedra, and glue faces together at random. Note that the links of vertices in this case need not be spheres, but will be (essentially) random triangulated surfaces. Call the resulting space a pseudo-manifold. Investigate properties of pseudo-manifolds. [25] obtains many experimental results which seem extremely regular. This may mean there is some sort of additional structure. Investigate.
(Maher) Rivin
(Maher)
Consider the orbit of a point x in Teichmüller space under the action of the mapping class group. Show that the proportion of orbit points in the ball of radius r in the Teichmüller metric which are pseudo-Anosov elements whose invariant foliation have generic trivalent singularities tends to 1 as r → ∞.
Show that the proportion of orbit points in the ball of radius r in the Teichmüller metric which give rise to hyperbolic manifolds when used as Heegaard splitting gluing maps tends to 1 as r → ∞. How often is O k a Euclidean domain, with the standard norm? For quadratic fields this happens only finitely many times.
These questions motivate the consideration of the graphs in the next question. • Every closed, orientable smooth 4-manifold has a trisection.
• Any two trisections have a common stabilizations. Do higher dimensional smooth manifolds always have multisections? Do What is the right generalization of "uniqueness up to stabilization" for multisections of smooth n-manifolds where n ≥ 5? 8.8. (Taylor) Given a 2-component link L in the 3-sphere, we can attach a band joining the components in such a way so as to end up with a knot K (which depends on both the original link and the choice of band). Say that the band is "complicated" if one of the following holds:
• The link L is a split link and the core of the band cannot be isotoped to intersect a splitting sphere in fewer than 3 points • The core of the band cannot be isotoped to be disjoint from any minimal genus Seifert surface for the link. In a recent paper I showed that a knot K arising by attaching a complicated band satisfies the Cabling Conjecture. What is an example of a hyperbolic knot which cannot be created by attaching a complicated band to a 2-component link? 
